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1. Motivation and conclusions 

There has been a lot of effort in trying to understand the low-energy dynamics of 
non-supesymmetric asymptotically free gauge theories from the supergravity duals ( see 
for instance Most of these studies are focous at dimensions (i = 4, 3 where 

confinement can only be understood as a dynamical feature while the case of dimension 
d = 2 is relegated to oblivion, probably because confinement is automatically incorporated 
in the theory even at perturbative level. The most salient point is precisely that the theory 
is fully resoluble in a suitable limit. 

Field theory models at d = 2 while retaining some features of the four dimensional 
QCD theory as quark confinement and chiral symmetry breaking, still differs substantially 
in many crucial aspects from it: i) there are no dynamical gluons and hence strings are 
only build from matter quanta alone, ii) There is no chromomagnetic field, a key point to 
understand confinement in 3+1 dimensions and in) it neither contains spin. 

We want to elaborate here on the physical spectra, vectors, massive scalars and pos- 
sible glueballs, one can find when dealing with one of these non-supersymmetric confining 
backgrounds in d = 2 [0. We shall argue, that parallel to the field theory expectations, 
the supergravity model properties are as follows: there is spontaneous symmetry breaking, 
there are massless particles, the physical vectors acquires a mass. There are, obviously, 
still many lacking desired features but is encouraging to obtain some of the expected field 
theory results emerging from brane configurations. 

In order to illustrate the field theory side we are after for, we review it briefiy. 

1.1. Field theory set up 

The field theory parallel we want mainly to study is the 1+1 dimensions SU(Nc) gauge 
theory coupled to matter field in the fundamental representation, namely the 't Hooft 
model. Although our initial setup will be related to the SU(Nc) gauge field coupled to 
static fermions in the adjoint representation 

The main difference between both settings are found in their interpretation as string 
models: while the 't Hooft model can be thought of as an open string model with a single 
rising Regge trajectory spectrum, the coupling to adjoint matter produces a kind of closed 
string with multiple Regge trajectories. 

In the case of SU(Nc) YM coupled to fundamental matter, our main purpose, the 
Minkowsky space action is taken to be 



where F^^, = d^A^—di,A^+i[A^, A^] and the covariant derivative is -D^$ = d^^+i[A^, $] . 
In this case the quark- antiquark sector admits an infinite tower of confined color-singlets. 
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(1.1) 



The reason for this solubihty hes in the very defining features of the model. The large 
Nc limit eliminates all the sea quark contributions together with the non-planar gluon 
diagrams. On the other hand the fact of being in an axial gauge, = 0, and being 
the action independent of X- derivatives allows to disentangle the gluon self-coupling by 
gauging away A- . The only remaining Feynman diagrams in the 2-PI Green function 
are the rain-bow and ladder type, whose Schwinger-Dyson equation, giving the meson 
spectrum, can be solved in principle numerically. 

The content of the paper is: we first start reviewing the construction of the non- 
supersymmetric background in a very synthetic way, it mainly should introduce the nota- 
tion we shall follow and all the possible relevant embeddings. In sec. 3 a possible physical 
embedding providing matter in the fundamental is introduced. We check that from the 
initial two possibilities only one is feasible due to the normalisation at infinity. For the 
remaining solution we look for the relation between the chiral condensate and the quark 
mass. After comparison with the field theory and lattice calculations we find that the 
obtained results do not follow their trends. In accordance we turn to the evaluation of 
other embeddings in sec. 4. Once more the behaviour of the wave function at infinite 
imposes serious restrictions on the allowed solutions. For the remaining solutions we find 
the massive scalar and vector mesons spectra. 

Thenceforth the subjects we treat has no special relation of been treating a 
dimensional theory, but on the fact of having added fundamental matter. In sec. 5, 
following field theory arguments, we argue on the possible existence of classical glueballs. 
We present both, numerical and analytical evidence that the formalism can not account to 
their existence. Although we dot not obtain glueball modes wc check in sec. 6 the existence 
of oscillating modes on a "cigar" type configuration. This configuration was suggested to 
be related, at least in the four dimensional case, to the supergravity glueball spectra. The 
existence of the screening effect, hence the existence of at least two different phases, is 
discussed in sec. 7. 

2. Non-extremal Dp-brane model 

We shall introduce the main notation for the different quantities used in the text. The 
starting point is the metric and the dilaton field 

ds^ = h-'/^dxl + h'/^ {dU^ + U^dnl_^) , = (27r)'-^^^M^^'"^^/' • (2-1) 
The transverse space to the brane has dimension 9 — p , and the wrap factor is given by 



In the remainder it will probe useful to define Rp~^ = {qyu \/dpNc) ■ 

The non-extremal metric is obtained by imposing anti-periodic boundary conditions 
on the adjoint fermions, so that they become massive 

ds' = h-^l^ [dyl + f{U)dei) + + U'dnl_)i , (2.3) 



where the function / 



7-p 



(2.4) 



contains an IR scale, Uh , that breaks conformal invariance. Notice that at very high energy, 
U ^ Uh, (|2.3| ) reduces to To avoid the conical singularity the period of the compact 

02 variable is chosen to be 662 = 47r/(7 — p){Rp/Uh)^'^~^^^'^Uh . This compactification has 
a mass scale associated 



rriKK 



27r 



1 



2Uh 



{7-p) 



Uh 
R„ 



(7-p)/2 



(2.5) 



For energy scales lower than rriKK the theory is effectively p-dimensional. The transverse 
part of the Dp-brane can be parametrised by a set of coordinates z = (^^, . . . , 2;^"^) 
suitable to write it as conformally flat 

ds'^ = (^dyl + f{U)det) + K{p)dz- dz, (2.6) 

where = z ■ z and dz ■ dz = dp^ + p'^dVt\_p . In order to obtain ( pT6| ) one identifies 

K{p) = h''^{^^\ (2.7) 

in the 



and perform the change of variables dpU = U ^fJ{JT)l p . When inserting (| 
previous expression one gets 



7-p 

\ (Uhp\~ 1 



A 



+ 



UhA \ 
P ) 



7-p 
2 



7-P 



with A an integration constant. In order to conform the notation in we set {Uh/A) 
2 , from where 



(2.^ 



7-p 
2 



U{p) = p 



1 + 



1 [Uh 

p 



7-p 



7-p 



(2.9) 



To incorporate matter in the fundamental representation one embeds a probe-brane 
wrapping trivial circles on the transverse space of (|2.6|) 0. Bearing that in mind we shall 
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depict the transverse space in a way that respect the symmetries of the would be embedded- 
brane. As previously mentioned we are interested in study the parallel of QCDi_|_i. The 
responsible of the background will be a stack of D2-branes and the possible embeddings 
are given by the arrows 



D2: 
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Attending to the symmetries of the possible embedded Dm-probe brane the back- 
ground field metric is written as 

dsU = h-'/" {ds' (^^'''0 + + K{p) {dnl_, + dnl_J , (2.10) 

Being from now on A and r the radii of the transverse n-spheres to the Dp-brane, with 



3. Chiral symmetry breaking 

The embedding of Nf Dm-probe brane in the ambient space of A^c Dp-brane {p < m) 
can be approximated by the DBI action 



C(P) _ 



1 



m+l 
s 



d 



m+l 



ae 



'^/-detg 



(3.1) 



if Nf is held fixed and Nc ^ Nf. In (|3.1| ) g refers to the puUback metric. For later 
purposes the Dm-brane tension is defined as Tom = ((27r)'^g's£™"'"^) , and its world- 
volume coordinates will be parametrised by cr*^' " = x*^' " z^'"' '"^ . 

In the sequel, and to perform the embedding, we shall deal with an ansatz concerning 
the position of the Dm-brane in the space spanned for the latest n-sphere in (|2.10|) . This 
n- sphere will be parametrised by the radii r and the angles (^"(a = 0,...,n — 2). Then 
the ansatz is chosen to be [jl^ 



r(A) , (f)"' = fixed , r = fixed . 
where the latest condition will be relaxed afterwards. 



(3.2) 
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3.1. Embedding on D2-branes 



The possible embeddings on a D2-brane bulk geometry were sketched previously and 
their action read 



R2 
P 



5(m-4)/4 



1 + 



£1 



5 X (16-m)/10 



(3.3) 



with hci^^2 the determinant on a unit (m+1) dimensional sphere. 

The classical equation of motion for the transverse, r(A) , mode is 



A 



m-2 



^5Tn/4 



d\ 



1 + 



c\ (16-m)/10 

A— ^ I I fUHVV 

,5(m-4)/4 [ 4 V p 



1 



16p 



1 fUh 

p 



(6-m)/10 



r\/l + r'^ 3(4 + m) + 20(m - 4) 



_P_ 

Uh 



(3.4) 



The BPS case is recovered by setting Uh = , then a particular solution to ( |3.4| ) is r(A) = 
constant reflecting that no force acts on the Dm-brane. To analyze further ( |3.4|) is worth to 
rescale it as A — UhX , r UhV , p — UhP ■ The differential equation is non-linear and it was 
not possible to find an analytic solution to ( |3.4| ) therefore we analyzed it asymptotically. 
More in concrete, we search for solutions in the asymptotic region with finite distance 
between the D2 and the Dm branes. That is A 00 , r(A) r^o ■ This in turn implies 
r ^ and p ~ A which can be thought as the linearisation of the equation. With the 
above behaviour (|3^) becomes 



d_ 
dX 



_\3-m/4^ 



.—r(X) 

16 ^ ^AW4+4 



(3(4 + m) +20(m-4)A^) 



(3.5) 



Notice that A — 00 appears as an irregular (regular) singular point in the D6-brane (D4- 
brane) embedding signaling some kind of illness in its solutions. For the two possible 
non-trivial embbedings one obtains 



D4 



d_ 
dX 



[AV] 



3 r(A) 
2^ 



D6 



d_ 
dX 



X'/'r 



5r(A) 
2 AV2 



(3.6) 



while for the former one can find a normalisable solution for the radial coordinate 



r A = A—=J_ 1 

Vx ^ 



5 A5/2 



^/X ' 



5 A5/2 



(3.7) 



the latter embedding presents an asymptotic oscillatory behaviour thus lacking any physical 
interpretation. We shall focous on the D4 case in the remainder. 
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The D4 embedding case reduces to, for arbitrary large A values, 



r(A) 



+ 



A 



The physical interpretation of the coefficients r^o and c is the same as in the QCD3+1 case 
M : they are related to the quark mass and the chiral condensate respectively 



2n 



Snin 



-Stv^TUIc . 



(3.9) 



In order to gain more intuition on the solution, we inspect the region r^o This 
must be a small perturbation to the BPS state. Inserting r(A) = r^o + Sr{X) in (|3.4| ) leads, 
at leading order in Sr, 

J;(A=*r)«-2r^-^^l^. (3.10) 



Integrating with the boundary conditions: i) 'r\x=o 
answer 



2 ^{rL + X'f^'' 

and ii) dr\x^oo 



r(A) 



+ 



3rt + 2y 



gives the final 



(3.11) 



From the asymptotic result we can match the coefficients of the previous relation with 
those of ( p.8|) getting c{roo) ~ 1/(5?^^), i-e. the chiral condensate scales as l/m^ , for large 
quark masses. We shall comment on that behaviour latter on in connection to the field 
theory expectations. Notice that ( |3.11[ ) has negative (positive) derivative for increasing 
positive (negative) values of A, expecting then, a kind of bump or repulsion between the 
D4 and the D2-branes near the origin. 



r[A] 
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1 . 5 



Fig. 1: In the l.h.s. panel there is plotted the D4 profile in the 8-9 plane. The 
D2-brane is the dashed line. In the r.h.s. we plotted the scaling of the quark 
condensate with respect to the quark mass. 
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In fig. 1 l.h.s. we depicted the profile of tfie D4 probe-brane in tlie 8 — 9 transverse 
plane. Tlie D2-brane is located on tlie x-axis. In the r.h.s. we have evaluated numerically 
the coefficients c and Too coming from (|3.4| ). The numerical results corroborates all the 
previous analytical findings. 

We can compare without further ado the previous findings with the corresponding 
field theory. At high energy or in processes involving heavy-quarks is well known that the 
use of summe-rules can provide the desired link between the hadron observables in terms 
of the fundamental degrees of freedom. For heavy-quarks, the quark condensate behaves 
as (qq) ~ {FF)/m'^ been r a c-number fixed on dimensional grounds. The dimensional 
counting derived from (|1 . 1[) leads to: [q] = E^^'^ and [F] = E hence it follows that r = 1 , 



i.e. {qq) ~ l/m^ . The previous expressions does not match with its purported supergravity 
dual. 



4. Dm-D2-Dm system 

It is clear that (|3.2|) is not able to reproduce the proper quark condensate in 1 + 1 
consequently we shall turn now to another ansatz involving the compact direction [Q. In 
the 4 dimensional case this was throughly explored in [O]. The embedding for the D4, D6 
and D8 (generically denoted Dm) in the bulk of the D2 with U{62) gives an action 

5d„. = / (/([/) + (a,,t/)^y^v-2/.(-6)/4yvrr, (4.1) 

that does not depend explicitly on 62 ■ This last fact allows to obtain a first integral of 
motion 

where Uq is fixed by the condition U = . From now on we choose without lost of 
generality Uq = Uh ■ 

For convenience we change variables. In the setup (|4.1| ) the U{62) coordinates are 
related to the cylindrical ones by 

U'-^ = Ul-^ + Ul-^r\ = ^^02, (4.3) 

and these in turn with the Cartesian ones by the standard projection y = r cos 9 , z = 
rsinO. In the latter set, the BPS solution U = Uh reads y = 0. In the following we 
shall perturb the metric around this BPS solution obtaining the spectra and checking its 
stability. 

Instead of finding the quark mass dependence of the quark condensate as previously 
we turn to the direct evaluation of the spectra. 
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4.1. Worldvolume spectra 

One of our aim is to obtain the low-energy spectrum in the afore presented theory, 
similarly to fl^ a discrete pattern is expected. To work out the first order corrections to 
the spectra of the worldvolume fields it suffices to expand the action up to quadratic order. 
We shall deal with the correction to the scalar /pseudoscalar and gauge fields. 

4.1.2. Vector mesons 

For gauge fields the relevant part of the Lagrangian density can be written as 

C = -fia'2f7-(i4+m)/4 (^2RlF^,F'''' + 25^F^,F,,77'^^^ . (4.4) 

Like we look for the single states in the 5"^~^ we have set to zero the component of the 
gauge in the compact space. This is turn eliminates any contribution of the Chern-Simon 
terms. 

In order to find the spectrum we expand the field contend of ( [4.4| ) in a complete set of 
eigenfunctions in the transverse coordinate z: A^(x^, z) = J2n B^^^\^^)''i'n{z) , Az{x^, z) = 
X^n V^iJ^\^^)4>n{z) . To normalise canonically the kinetic terms of the Yang-Mills (A^), the 
vectors fields {B^) and scalar or pseudoscalar particle ((/?) we use the rescaled variable 
Z = z/Uh ■ Defining the function K{U) = {U /Uhf~^ — 1 + Z"^ the gauge part of the 
action derived from ( [4.4|) is proportional to 



Sum- -J dZd^xK-^^'+^y^' \\Fl{jF^^^^^i^ri^^ + iK^/'ml^B^B'^^^^dzAdz^s 

(4.5) 

with the proper normalisation condition for the ij) and (f) modes. The Born level e.o.m. 
for the ij) mode can be derived from ( |4.5|) 

where we have identify the squared mass of with the eigenvalue A . 

With the use of (|4.6|) and the identification ^„ to^^ j \fX^dz'^n ('t^ > 1) , the modes 
with n > 1 can be gauged away by redefining . This leads to the final action 



^Dm = - d X 



n>l 



(4.7) 



The above expression indicates that the scalar /pseudoscalar and the Yang-Mills fields are 
massless while the vector field B acquires a mass = Xn'm'KK dictated by the eigenvalues 
in iWM. 
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In the remainder of this section we shaU determine the massive vector spectrum. For 
that purpose we focous in the eigenvalues of ( [4 .61 ) . We solve (|4.6| ) asymptotically, at 
Z This solution together with the boundary conditions at the horizon gives an allowed 
discrete set of An • 

To search for the asymptotic form of the wave function in ( [4 .61) we apply the Frobenius 
method. The point ^ oo is a singular regular one. For m = 4, 6 we find two roots for the 
indicial equation. One of then corresponds to a non-normalisable solution while the other 
leads to i/' ~ . For the case m = 8 the roots of the indicial equation are degenerate 

and it does not contain normalisable wave functions. In the former case the eigenfunctions 
can be expanded in power series V' = ^ a.]^Z~'^^ I I with coefficients following from 
( [4.6|) . Once the arbitrariness in the first one is removed by choosing ao = 1 , the asymptotic 
behaviour of in (|4.6|) is fixed. The ffist coefficients are: ai = ^2 = 04 = a? = , 03 = 
25 An/(3m-60) ,^5 = (144-26m + m2)/(20m-560) , as = 625 A2/(18(640-52m + m2)) . 

In addition to the asymptotic behaviour the regularity at the origin, Z = , demands 
to be and even or and odd function. These constraints pins down a discrete set of 
eigenvalues in ( [4.6|) corresponding to the vector masses depicted in table 2. 



Eigenvalue 


m = 4 


m = 6 


Ai 


0.309 


0.149 


A2 


1.591 


1.290 


A3 


3.811 


3.349 


A4 


6.983 


6.361 



Table 2: The vector, axial-vector spectrum for different dimensional embbedings as obtained by 

Notice that in increasing the number of transverse directions the mass of the vector, 
axial- vector decreases in accordance with the absorption probabilities for emission on the 
brane. 

The squared masses of the vectors and vector-axial fields are represented in fig. 2. 
For both a quadratic expressions in terms of the principal quantum number, a + bn + cv? 
holds. 

4.1.1. Massive scalar mesons 

We are now in a position to obtain in a similar manner the massive scalar spectrum. 
For that purpose we excite the scalar sector with the ansatz y{x^, z) . Notice that contrary 
to the assignment in |Q] y does not depend on the coordinates. 
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Fig. 2: vector and axial-vector squared masses as a function of the state. To guide 
the eye we have link the states with lines. Even if in appearance seems to appears 
a linear behaviour this is no the case. 

In terms of the function K the induced Dm action takes the form 

(4.8) 

whose corresponding energy density is positive, ensuring the brane stability under smaU 
perturbations. To obtain a two-dimensional field theory description, we expand the 
scalar field in a complete set of eigenfunctions in the transverse direction: y{x^,z) = 
'Yl,n^^^\^^)Pn{z) . This allows to fix the equation of motion (e.o.m.) at tree level for the 
p mode 

6 

= \npn, 5=-- (4.9) 

5 

Notice that the previous expression is identical to ( [4.6| ) with the only exception of the 
second term in the squared brackets. Thus naively taking the limit S we shall recover 
the vector spectrum. 

All these ingredients together with the requirement of a canonical normalisation of 
the kinetic term fixes the lagragian density 

£ = ^ (a^W('^)a^W('^) + M^W^'^^W^'")) , M2 = mj^j^Xr, . (4.10) 

n 

In order to analise the asymptotic behaviour for the different embbedings it is con- 
venient to perform the change of variables Z — > w"^/" , with a been an arbitrary positive 
c-number fixed only by the requirement of canceling possible poles at w — > . Then ( [4.9| ) 
becomes 

dlpiu) + p{u)d^p{uj) + q{u)p{u) = , (4.11) 
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with 



limp(a;) ^ (^+^^^-^) ^ (^) ^ _ 1 /^5^-(20+(2+^)/a)/10 _ A^-2+6/(5a)^ 

(4.12) 

where we have only displayed the divergent terms. Notice that lim^^^o '^p('^) while 
lim^^^o ?(i^) depends on the actual value of a . We can choose the coefficient a to cancel 
either the first or the second pole in q{uj) but not both simultaneously. In the vector 
case a was precisely chosen to make the A term in q{uj) analytic. Now is not possible, 
provided 6^0. The conclusions are far obvious: the massive scalar wave function has not 
power series representation in the asymptotic region and hence it should be a non-analytic 



function. This implies that the solution of ([4.9|) does not go smoothly to the one obtained 



in (^4.6| ) as 5 — s> . To assess the correctness of this assertion we assume 5 to be a free, 
small parameter and perform perturbation theory around the vector solution ( [4.6| ). If 
correct the previous findings, we expect to obtain the failure on the perturbation theory 



assumptions at some point. We write (|4.11|) as a Schrodinger like equation at zero energy 
with the potentials 

(m - 18) ((2 + m)x^ - 20) A . 9^r T8V9n . 

The correction to the ground state energy {E = Eq + d Ei) reads 

El = ^ "^",00, , , (4. 14) 

Jo 



where tpo stands for the ground state (i.e. Ai) wave function in ( [1.6| ). 

The failure of perturbation theory can be traced back in the correction to the wave 
function {p = i/jq + d i/^i) 

Mx) = Mx) [ ^^ (,^^,^(J,s)/20^^(,)2 [ d^Mtfil + t^)(--«)/^° . (4.15) 

The behaviour of -01 is unbounded at large distance, contrary to that of -i/'o • This contradict 
the assumption, limjj^oo V'l where (f4.14 ),( 4.15 ) are built in. In conclusion the solution 



of (|4.9| ) is not an analytic function of 5 at the boundary. 

To elaborate more on the physical relevance of the solution to ( |4.9| ) we apply the 
matching procedure [|TB[. For large, but finite, values of A the solutions to ( |4.9D are 



not normalisable and hence the model does not contain nor scalars neither pseudoscalar 
massive particles. The fact that pseudoscalar s particles are massless is not in confiict with 
been in a chiral symmetry broken phase [jl^ : the only necessary and sufficient criterion of 
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spontaneous chiral symmetry breaking (SB^S) is a non-zero value of the left-right corre- 
lation function ilim^^o / d'^x{^\TL'^^{x)Rl{0)\Q) = —jIj^j^S'^^Fq been and the 
Noether currents generating the left and right chiral rotations respectively and Fq , an 
order parameter, given by (0|A^|7r-'p) = 5^^Fqp^. There are certainly many other order 
parameters, such as local quark condensates {qq) , {qa^^F^'^ q) .... A non-zero value of 
each of them by itself implies SBxS, but the converse is not true i.e. SBxS can take place 
[Fq 7^ 0) even if some of those condensate vanishes. In particular there is no available 
proof that {qq) 7^ is a necessary consequence of SBxS. 

In conclusion the spectrum of this second type of embedding reduces to massless 
pseudoscalars and massive vectors and axials. To wit its reliability we compare with the 
original 't Hooft model. There the full 2PI Green function amounts to 




'1 



1 



(4.16) 



with X G [0, 1] the momentum fraction carried by the quark in the light-cone coordinates 
and = g^^^^^J {2tt){Nc — ^/Nc) . Furthermore (3 plays the analogous role in (1 -|- l)d 
of Aqcd in (3 -f l)d [|15[. The spectrum of ( [4.16| ) contains a single increasing Regge 
trajectory ~ 0^n^{n = 1,2,...), which is consistently found in the weak coupling 
regime, niq ^ (/strong ~ -7^ EH and agrees with lattice calculations [0. Then the lack 



of massive pseudoscalars in these type of embedding discards any possibility of these been 
a realistic duals to the 1 -f 1 't Hooft model. 



5. Supergravity glueballs 

It was known long ago that classical Yang-Mills theory does not posses in = 2, 4 finite 
energy non-singular time-independent solutions [|l^,0. It was also proven that neither 
periodic in time solutions can exist |2^]. It is then remarkable that in the AdS/CFT 
correspondence a classical background metric can account for these quantum objects at 
d = 3,4 [0. 

In 1 -f- 1 the situation is as follows: in 1-dimensional space there is no possibility of 
having transverse gluons. The role of these transverse gluons in the glueball formation 
is to fix some scale that breaks the conformal invariance of the pure Yang-Mills theory. 
In the absence of this scale glueballs can not exist. It is not shocking then that models 
with adjoint fermions higgs fields or gravity in 1 -f 1-dimensions contains 
glueballs, provided these fields couple to gluons and gives the desired scale. The same role 
can be played by the use of a formalism incorporating some modification of the standard 
Yang-Mills density lagrangian that explicitly breaks scale invariance. This is the case of 
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the DBI action [^5[. This was the precise case in the field theory side [26|. We shaU check 
whether the model ( p.3| ) refiects this peculiarity. 

Following P] we assume that the dilaton field couples to the TrF^ operator. In Einstein 
frame the e.o.m. for the scalar fluctuations are obtained via (^\^9^'^d^4^^ = . In order 
to solve the previous expression and calculate the mass spectrum we follow an analogue 
procedure to the higher dimensional case and choose a plane wave ansatz along the 
s)fj(i,i) directions, = e'^'^'xiU) ■ Using (^) the e.o.m. for the d = 2 massless dilaton 
boils down to 

du(u-^/^{U^ -Ul)x'{U)'^ +U-^/^M^R^x{U) =0, ^ -{kf ~ kj) . (5.1) 

The asymptotic solution depicts a normalisable term xiU) ~ U~^/'^J5/q{U~^/'^) ~ 
For large values of U ( |5.1| ) can be solved by a series solution with negative power 
X = 'Yl^=o'^'nU~'^'^^^^'^^U^^ . The first few non- vanishing coefficients are given by: as = 
-2M'^R^ /{WD = 1/3, ae = 2M'^i?i°/(1683t/|) , where the arbitrary normalisation 
is fixed by the choice ao = 1 . 

The geometry must be regular at the horizon, thus we demand i(^{Uh) to be regular. 
This fixes the possible values of M . We have scanned a wide range of possible values of M 
and found no solution satisfying the proper boundary conditions. In order to clarify the 
result we turn to a semi-classical evaluation of the spectra. 

Semi-classical WKB approximation: A possible way to tackle ( p.l|) is to focous in 
highly excited states. There the depth of the potential is sufficient large for a semi-classical 
approximation be justified. Following ||2^ we perform first a functional change after which 



the potential can be written as a Schrodinger type equation at zero energy. Second we 
change variable to U = F{uj). The latter step forces to choose a new multiplicative factor 
to bring once more the remaining expression to a Schrodinger type one. All in all, applying 
the generic change of variables u = log(t/^~^ — Uj^~^) the new potential reads (for p = 2) 

^ ' 16(t/| + e-)2 25 (t/5-Fe-)8/5 ' ^ ' 



that is depicted as the full line in fig. 3 in comparison with the corresponding potentials 
at (i = 4, 3 . As one can see increasing the number of transverse coordinates the depth of 
the well is reduced. The question is whether for d = 2 still there is room to support at 
least the lowest state. 

The potential in ( p.2| ) takes the following asymptotic forms 

V(uj <) = ^ ^ e'^ + TT. H e^'^ H . (5.3) 
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d=2 




0) 



-6 -\ / 



\ / 
\ / 



Fig. 3: The potential ( |5.2|) . Dashed hnes correspond to d = 4, 3 (short and long 
dashed respectively) while full line corresponds to ci = 2 . We have applied to each 
case the change of variables uj = \og{U'^^^ — Uj^^^) . 



V(u; ») = - - M^e-^-/'' + ^e-- + ■ ■ • . (5.4) 
^ ^ 16 25 8 ^ ' 

Hence the classical turning point at large uj is approximately 

5, flGM^R^^ 



while the inner turning point is located at uj- ^ — cxd . In terms of the original variable U 
reads U- — R. 

Then expanding at leading order in j^^l^t, the Borh-Sommerfeld expression leads to 
(n--\n^ -MR''''' H du + o( • (5.6) 



A few remarks are in order: we discard the procedure in ||2^ that sets uj^ 00 , and 
subtract the corresponding piece as a perturbation because ( W^ ) becomes divergent. This 
is why we should bear in mind that the upper integration limit depends on the expansion 
parameter. The integration can be done analytically in terms of hypergeometric functions, 
but its results is not very illuminating. After this we are lead with and equality that for a 
given n can not be saturated for a any value of . 

Hence even if apparently the potential in fig. 3 has a minimum, it is not sufficient deep 
to hold even the ground state. We think that this does not enter in contradiction with the 
results of [|2^ . First of all because in deriving (|5.1|) one never makes use of the DBI action 



and secondly because the duality must give pure YM theory and not gluons coupled to 
gravity, hence the gravitons can not play the role of breaking any scale. Although this line 
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of reasoning, is striking that the role of the parameter Uh or the coupUng of the dilaton 
to the LiouviUe field in the gravity side does not provide the desired breaking, probably 
this is an indication that classical glueballs are protected in two dimensions also in the 
supergravity side. 



6. Breathing modes: pulsating string on 3?+ x 3?+ 

In the following we shall inspect, for the general setup (|2.3D , a point-like string config- 
uration that corresponds to a particle moving on the meridian of a 2-dimensional "cigar" 
shape surface, U{t) , t(r) with the rest of coordinates constant. In 3 + 1 dimensions is was 
shown that this configuration was directly linked with the glueball spectra at leading order 
p^ . In our setup glueballs do not exist, but as we shall see a pulsating configuration still 
exits. In the conformal gauge the solutions to the e.o.m. and the Virasoro constraints 
describe null geodesies of ( |2.3|) with solutions dictated by 

r /R \(7-p)/2 „ 

'=2 (if) ■ "=±2V^- (M 

This corresponds to an harmonic oscillation with target space period 



oo 



Rr 



(7-p)/2 



AT = 2 dU {-^] . , (6.2) 



and angular frequency = 2tx j AT . 

To determine the spectrum we work, for convenience, with the Nambu-Goto action 
considering a general setting \J (r) , t(r) , 6*2 = vna . With this ansatz the lagrangian density 
for ( |2.3| ) reduces to C = —m {h~^ f{U) — drll^) , that with the change of variables 

dC R(7-p)/2 



becomes C = —vn^ h~^f{Q (l — drC'^) ■ Its associated hamiltonian defines a one dimen- 
sional system with potential V = mPh~^/'^ f(Q/2 . The semi-classical energy levels are 
given by 

\n + ^ / dC^jEl-m^h-y^fiO 



t/i(m) / D\ (7-p)/2 / /..n(7-p)/2 

2/ 77 \ EUiU)-^-m^ U^] , (6.3) 
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where the upper turning point, C/i(m)^~P = [E"^ /m?)R^'^~P^/'^ — Ul~^ , diverges in the 
massless hmit. In this case and for large energy states ( p.3| ) reduces to E^ ~ nuo that for 
p = 2 gives 

E ~ -./^n 3 V^' ^^^^ (6 4) 

Despite its appearance is positive defined. 



7. Quark- ant iquark potential 

The Wilson loop is in YM the order parameter signalling confinement. In the case 
of adding matter it still can be used for this purpose. The case of YM theory coupled to 
adjoint matter was extensively studied in |2^]. For the case at hand, addition of fundamen- 



tal matter supported on probe-branes, the expressions for the energy and quark-antiquark 
separation are identical to those depicted in with the only exception that an upper 



cutoff (given by the brane position in the transverse space) appears in the integration ||3C 
For finite transverse distance we have 

Up /•^°-/^° ^ y'-P 
Knsub = — / dy = , (7.1) 

^{y'-P - 1) (y^-P - A) 



TT 



"^'^ J I V(2/7-P _ 1) (y7-p _ X) 

with A = {Uh/Uoy-P . In the case of dealing with probe branes at infinity one has to 
subtract the bare quark mass in order to obtain a finite result 




-E'sub = -E'unsub / dy \ „_ -. (7.3) 



We turn first to the asymptotic values. The long and short string limits can be attained 
when the turning point approaches the horizon, A — 1+ and Up respectively. At 

leading order 

Thus there is an universal linear behaviour at both energy ends. We stress that, is sugges- 
tive, the interpretation of this phenomena at high-energy as a color screening effect: while 
in pure YM at large-N^ deconfinement by color screening is suppressed, ||3^, one can argue 



that is the addition of fundamental matter the responsible of this shape [^|. To substan- 



tiate furthermore this claim we increasing the distance between the probe brane with the 
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original stack. Then this hnear behaviour disappears recovering the usual coulomb poten- 
tial! . Eventhough we must bear in mind that we have only deal with the bosonic sector 
and the fermionic corrections are unavoidable for a correct treatment. Notice also that 
both expressions in ( |7.4| ) are afflicted with some drawbacks: increasing indiscriminately 
the energy we probe the compact dimension in S^, while in the other extreme one can 
neither trust all the way to the infrared limit. In decreasing the energy at the point where 
U ~ Qym system description is in terms of M2 branes [133 |. 



As second and concluding remark it is instructive to look at the concavity conditions 
of the inter-quark potential pi] 



dL 



> 



d^E. 



dL^ 



< 0. 



(7.5) 



These have already been study in several systems [|3^. Contrary to the systems studied 
in the above reference our E vs. L relations show a smooth behaviour. As one can verify 
du^L is a monotonic decreasing function of Uq with zeros lying outside the physical region. 




Energy 



1 . 5 



0.5 



Uo 




Fig. 4: Energy as a function of the string turning point Uq as ( [T.!]) and 
Short (long) dashed curve corresponds to p = A, (3) , while the full curve to p 
We have set R = Uh = 1 for illustrative purposes. 



.3D. 

2 



In fig. 4 we depict the energy versus the string turning point using a subtracted and 
unsubtracted relation. Notice that the expression (|7.3| ) has an intermediate maximum 
while (|7.1|) only takes its maximum in one of the edges. Like the difference between the 
two procedures is just a renormalisation scheme choice both must be equivalent, hence we 
conclude that with the addition of fundamental matter the shape of the subtracted energy 
can not be interpreted as a phase transition phenomena. These values of the energy must be 

f One needs to subtract then the corresponding bare quantities. 
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compared with the ones needed for the opening of the compact dimensions, corresponding 
roughly to energies of the order of the the Kaluza- Klein masses ( |2.5| ) mxK = 1.5, 2, 2.5 for 
p = 4, 3, 2 respectively. While in (|7.1|) these suppose a constraint for the allowed region in 
Uo , only short strings are allowed, seems that ( [7.3|) includes also the long string case. 

The expression of the energy as a function of the inter-quark separation for (|7.1|) can 
be easily worked out 

'^-5'unsub _ A jj{7-p)/2 I -^'unsub 



8. Summary 

We have inspected the matter content of a 1+1 dimensional field theory with the 
hope of finding some resemblance with QCDi_|_i that we know to be fully solvable in the 
strong coupling regime. From the two possible general supergravity ansatz we have studied 
the first one does not lead to the correct relation between the quark condensate and the 
quark mass dependence. While for the second type of embedding the spectrum reduces to 
massless pseudoscalars and massive vectors and axials. 

Even if at first sight none of the trials to embed matter in the fundamental represen- 
tation seems successful, the model contains several interesting properties as confinement 
and chiral symmetry breaking. Probably the lesson to learn is that the most sensible way 
to obtain a reliable model of QCDi_|_i is not to directly compactify on an but com- 
pactify QCD3+1 or QCD2+1 on an S"^ or on an S'^ respectively. This would lead hopefully 
to the proper relation between the quark condensate and quark mass in the first type of 
embeddings discussed. 

Together with this, we have looked for classical realisation of glueball in the D2-brane. 
Notice that this scalar sector is not the same as the one obtained in sec. 4.1.1. The former 
corresponds to the Kaluza- Klein singlets states over the initial 5"^ , while the latter is 
obtained by exciting modes on the probe brane. These scalars are protected to appear in 
accordance to the field theory expectations. We have compared the difference with the 
same family of models but with different compact dimensions and elucidated, based on a 
semi- classical analysis, the reasons that leads to the lack of this kind of scalars. 

Furthermore we have checked that even if glueballs are absent one can obtain a cigar- 
like configuration. In d = 4 the spectrum of this configuration reduces to that of the 
glueballs. This seems to be an exceptional case and we do not find deeper explanation for 
the coincidence. 

We have also looked at the quark-antiquark potential. The behaviour, in particular 
the extrema, of the energy as a function of the string turning point depends on a point 
dependent finite subtraction. The difference between both procedures, subtracted and 
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Energy 




Fig. 5: The full (dashed) line describes the subtracted (unsubtracted) energy as 
a function of the string length. 

unsubtracted, is a renormalisation scheme choice, thus we conclude that the shapes in 
fig. 5 can not be interpreted as a phase transition. 
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